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ABSTRACT

(S) The purpose of this study was to determine the factors and
trade-offs that limit the speed of response (''lock-on'' rate) of

the Sidelobe Canceller. The Sidelobe Canceller consists of a
correlator, (multiplier and integrator), within a closed loop circuit.
The lock-on rate is essentially determined by the bandwidth of the
integrating circuit, the loop gain, and the bandwidth of the input
jammer waveform. In a Sidelobe Canceller with a linear response

in the auxiliary channel, the loop gain increases with the amount

of jamming power in the auxiliary channel. The loop gain is
determined by the '"quiescent' loop gain, (a design parameter equal
to the loop gain when only receiver noise is present in the auxiliary
channel), and the jamming-to-noise ratio in .« 2 auxiliary channel.

(U) The performance of the Sidelobe Canceller, both transient and
steady-state can be related to two parameters, the loop gain and the
ratio of the enhanced loop bandwidth to the jammer bandwidth, BJ.
The enhanced loop bandwidth, BE’ is defined as (1 + loop gain) times
the bandwidth of the integrating circuit.

(S) The lock-on rate can be increased by increasing loop gain and/or
thc enhanced banawidth. The loop gain is limited by stability
requirements to 30-40 db. The enhanced bandwidth can't be increased
much beyond the point where the ratio BE/BJ exceeds unity without
hurting the steady-state performance.

(S) When the loop response is slow compared to the bandwidth of
the jammer, that is, if BE/BJ << 1, then the transient response

is a simple exponential and lock-on occurs at the rate of 27 Bg db
per second. If the enhanced bandwidth is increased by increasing
loop gain and/or the integrating circuit bandwidth, the transient
response speeds up but the improvement comes at a decreasing rate
after the ratio BE/ BJ exceeds unity. When BE/BJ is unity the lock-
on rate is 16 Bp db per second.
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(S)  When the ratio of BE/BJ is increased beyond unity. The steady-
state cancellation performance deteriorates. The amount of jammer
cancellation is reduced and desired signal will also be cancelled
somewhat. (The signal is assumed to have a narrow bandwidth
compared to the jammer bandwidth.) There will also be some
cancellation of receiver noise components but not quite as much.
Thus there is loss in signal to noise ratio as well as a change in
signal level. The loss in detectability will be equal to the drop in

signal level unless sume form of AGC or CFAR is used.
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I. Introduction :
(S) Sidelobe cancellation is an ECCM technique designed to cope 5

with the screening sidelobe jammer. The first level of defense

against the sidelobe jamimer clearly lies in the design and centrol of

RO TR

the antenna pattern. However, sidelobe levels achievable in practice
are limited by the stability of components, effects of environmental

fluctuations, the sensitivity and response time of any monitoring

PRI ITH S S

system, and by site conditions. Even under ideal conditions, the
design sidelobe level cannot be made arbitrarily small because of |
the resultant increase in main beamwidth and loss in gain.

(S) Sidelobe cancellation may be regarded as an adaptive technique

for sidelobe control. The sidelobe canceller uses the jamming signal

to modify the radar antenna response pattern so as to produce a near-
3

null in the direction of the jammer. Strong jamming signals can be

"nulled' better than weak jamming signals; as a result the jammer
residue after cancellation tends to be independent of jammer strength.
(S) One Sidelobe Canceller using the signal from an appropriate

auxiliary sensor can cancel one jammer over a narrow bandwidth.

In general, multiple Sidelobe Cancellers are required to cancel

multiple jammers or a single jammer over a wide bandwidth. Both

oA i i v i oy Lo 3 )
g ;s it et " "
i it H i X i I S iliahig 3 bt Z B ARE N 3BTy E L i o

singlé and multiple jammer cancellers have been developed and
demonstrated in the field on narrowband, air-defense, surveillance

radars.

(S) In a2 defense environment that is changing slowly with time,
the '"steady - state' performance of the canceller {5 of main concern.
However, if the jammer configuration is changing rapidly with time
or if the antenna beam must be switched rapidly from one direction to
another, *hen the cancellation lpops must respond rapidly and
"transient" perforrnance becomes important. The purpose of this

report is to investigate the transient response of a single canceller

loop and find what trade-offs are involved between designing for

fast lock-on time and steady-state cancellation performance.
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II. "Available''Steady-State Performance
(U)  In order to have a basis for evaluating the steady-state perfor-

mance of a canceller, we will determine first the amount of cancellation

achievable by an optimum canceller. Consider the situation shown in

Figure 1. Channel "M" is the main information bearing channel

(SiRBiRH A
wmes'ruuai

containing both the desired signal and a jamming signal. Channel "A"

is an auxiliary channel that contains a component correlated with the

Hinonend

jamming signal in the main channel. We assume that the auxiliary
channel contains at most a negligible amount of the desired signal

in the main channel. The object is to improve the ratio of desired
signal to jamming signal in the main channel by subtracting from it

the signal in the auxiliary channel after appropriate amplitude and

phase weighting.

(U) InFigure l, s(t) is the complex envelope of the desired signal,
vm(t) is the complex envelope of the jamming signal plus receiver
noise in the main channel, va(t) represents jamming signal and
receiver noise in the auxiliary channel. Since ‘he amount of desired

signal in the main channel is not affected by the subtraction, signal-to-

Frmotwnd

noise ratio will be optimized by minimizing r(t), the jamming plus

receiver noise residue in the output.

3

E o

¥

(U) As shown in Figure 1, the auxiliary channel signal is multiplied
by the complex weight "x' and the result subtracted from the main

channel, leaving a residue of

r(t) = vm(t) -xv, (t) (1)

(U) Without the auxiliary channel signal, (x = 0), the expected

et

residue power(l) would be,

mmu:ﬁ

e} ? = v ol ? (2)

Gt

(I)Throughout this report "power' refers to envelope power which is
twice the actual power in the real signal.
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whereas with the cancellation signal

12 * * % 2 2
lvm, SRV VL, TE Y, vm+ | x| lvai (3)

| r(t)]?

) l"m":lz 2 Vm": 2 (4)
e LI P -\ T

"
<

2
v, | v,

(Note: "*'" denotes complex conjugate)

(U) 1tis easily seen from (4) that the value of x that minimizes the

expected residue power is given by,

= —_— (5)

With this value of x, the residue power becomes,

Al
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0
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(8)
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where p = correlation coefficient of v__ and v
ma m a

(U) The cancellation ratio, which is defined as the ratio of the
residue with cancellation to the residue without cancellation, is

given by.

2
’rl min
:1-]

. | (9)
e I

ma

cancellation ratio =

(5) From this we see that the amount of cancellaticn achievable
depends only upon the magnitude of the correlation coefficient. This

in turn (s fundamentally limited by receiver noise, spatial separation
of the main and auxiliary antennas, spatial distribution of the jammers,
and their bandwidths. As an exaniple consider the case where there

is one narrow-band jammer present. The signals in the main and

auxiliary channels could then be represented as

I

vm(t) =C J{t) + nm(t) (10)

e

and Va(t) = J(t) + na(t) (11)

L

CE(Z) of the jamming waveform in the
auxiliary

where J(t)

§]

(t) CE of receiver noise in the main channel

(Z)COMPLEX ENVELOPE

=)
5
I
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i na(t) = CE of receiver noise in the auxiliary channel
” and C = complex constant
:_ 1 (S) The correlation coefficient between the main and auxiliary
= l signals is given by,
*2
2 |vaa.l
| P ma | —
2 2
v v, |
= 1 (12)
2, 2
] _ lc|*p,
2
= ! (ICI"P+N_)(P+N_)
l where PJ = |J[2 = auxiliary jammer power
Nm = main receiver noise power
i Na = auxiliary receiver noisze power
= l (S) The residue power, from equations (8) and (12) will therefore
be,
— ) lcf?p
- ; [l = (lcl®PpN )1 - )
m 2
(IC|*Py#N_ ) (P+N_)
¥
cl’p; (13)
= = N —_—
l m )4 PN
.‘ J a
| 5
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(S) From this we see that the recciver noise component of the
main channel is unchanged but the jammer power is reduced approx-
imately by the jammer-to-noise ratio in the auxiliary. As the
jammer power level is increased from zero, the residue power

increases monotonically from the noise level to a maximum of,

PP /N
= N_(1+ 2

max m —_PJ/Ng o (14)

(S) The second term in brackets is the ratio of the jammer-to-noise
ratios in the main and auxiliary channels, respectively. This

ratio will be less than unity if the gain of the auxiliary sensor exceeds
the sidelobe gain of the main sensor in the direction of the jammer.
In that case the maximum residue will be 3 db above the noise level

in the main channel.

(S) When there are more than one jammer present, ine correlation

R

between the main and auxiliary channels will in general decrease
and the cancellation will be reduced. For example, if there are m
equal power jammers, randomly distributed in space, the mean
square correlation averaged over all possible spatial configurations
will be 1/m. The cancellation ratio will therefore be (m-1)/m. In
this situation the canceller in effect cancels the equivalent of only
one of the m jammers. To cancel multiple jammers requires the use of :
multiple cancellers, with at least one canceller per jammer.

(S) The cancellation of wide-bandwidth jamming signals is more
difficult than the cancellation of narrow-bandwidth signals. The
fundamental limitation is the reduction in correlation between the

main and auxiliary signals due to the spacing of their antennas.

With one jammer and one canceller the output residue for small

spacing is given approximately by,

6
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fr]zsz-l-IClzPJ( JoON, } (15)
l J

jammer signal bandwidth (assumed
correlation function is e~TBT)

difference in arrival times of jammer
waveform at main and auxiliary antennas
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III. Description of Sidelobe Canceller

(U) The previous section discussed the optimum achievable steady-
state performance of an ideal coherent canceller and some of the
limitations. In this section we present a mathematical description

of an implementable sidelobe canceller. A simplified schematic of

an L. F. sidelobe canceller is shown in Figure 2. The signals at
various points in the diagram are represented in complex notation.
The actual physical signal is simply the real part of its complex
representation.

() The notation used in Figure 2 is as follows:

Vm(t) = CE of the composite signal in the main channel

va(t) = CE of the composite signal in the auxiliary channel
and x(t) = CE of the output of the integrating filter
(S) As shown in Figure 2 the I.F. carrier frequency, @ of the

main channel is increased A radians per second by an up-converter.
The auxiliary channel signal, va(t) exp jw ct’ is multiplied by the
output of the integrating filter, x(t) exp jAt. The upper sideband

of this product, va(t) x(t) exp j(wC + A)t, is subtracted from the signal
in the main channel to form the ouput of the SI.C. The complex

envelope of the SL.C output is therefore,
rt) = vm(t) - va(t) x(t) (16)

(S) This output signal is multipled by the signal in the auxiliary
channel and the lower sideband of this product, r(t)v:(t) ejAt, is

fed to the integrating filter. This filter is a high-Q single-pole, band
pass filter centered on the radia~ frequency A. The output of this

filter, as previously noted, is x(t) exp jAt.

SECRET




SECRET

R
R

(S) " Since the bandwidth, BI’ of the integrating filter is very

small compared to its center frequency, its response to an I. F.

signal is analogous to that of an RC f{ilter operating on a low-pass

included for sideband selection, amplification, etc. These circuits

influence the ultimate stability of the loop and hence limit the amount

of loop gain achievable, but with proper design have only second order

S effects on the cancellation performance within the operating region
of the loop.
] (S) As an 2id to understanding, an equivalent circuit for the
=
-

control voltage, x, in a standard feedback loop, is shown in

% signal. We can therefore write the following differential equation for .
2 x(t).
gij dx B 3 :
:ig % T at +x = Ar(t) Va (t) (17)

ZE«:_ ?—; vihere T = l/-nBI = time constant of the integrating

5 == filter

:gi = and A = gain factor

s n (S) Substituting equation (16) into (17) we obtain the basic differ-

S % ential equation of the SLC.

= T * {1 + A Iva(t)] } X = Avm(t) v, (t) (18)

g

§ 7 (S) This equation expresses the first-order behavior of the SLC.

g_: i’; It neglects the effects of other filters in the circuitry which must be

%

g

g

S

8

L]

Figure 3. The transfer function in the forward path is that of a
simple RC amplifier. The feedback gain is equal to the power

level lval 2 in the auxiliary channel and the loop gain is A]val 2,

9
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(S) Equation (18) is the differential equation that determines the

control voltage x(t). Equation (16) describes the output or residue of

4

the canceller. From these two equations we note thatdn increase in

T
=
1
¥

vm(t), the signal in the main channel, will produce a corresponding
increase in both tiie control voltage, x(t), and the residue, r(t).

g;: Hence a change in gain in the main channel ahead of the SLC is equiva-
= lent to a corresponding change in gain after the SLC and does not affect

the transient or steady-state performance. (This assumes that the

ety nml

internal noise introduced by the SLC circuitry is negligible compared

3 to the signal level). On the other hand, the gain in the auxiliary
%— channel ahead of the SLC has a marked effect on the SLC performance.
- From equation (18) we see that the power level in the auxiliary
3 i1 channel determines the control loop gain. It will, therefore, affect both
the trans.ent response and the steady-state performance of the SLC.
% (5) In order to simplify the analysis of the SLC we assume that the

power spectra of the random signals in the main and auxiliary channels

are identical. This assumption applies in the situation where the

power spectra of the front end receiver noise and jamming signals in

both main and auxiliary channels are determined by the R.F. and I. ¥.

s;"f
i

circuits preceding the SLC. This assumption permits us to represent

the signals in the main and auxiliary channels in terms of two uncor-

related waveforms, as follows,

]
£
3

v (6) = vit) (19)
%
H
= and v_(t) = m v(t) + nt) (20)
§ m
F (S) Here v(t) and n(t) are independent normal noise processes
%f having the same power spectrum shapes with

b A VA e b e e WA R

A0

S

mm
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lvio? = v o (21)

it

v_(t) v ()
R + ¢ TR - Y (22)
!va(t)'z

iy

and ln@l® = fv_@f - iml* v 0 (23)

;;:!sszs5!tal1zslusm:mfzﬂssewssszflsmmzuum«iuf:smisz‘slﬁtz!!ﬁﬂzs#?i ;

i

gty

(S) For convenience we refer to the representation indicated in

equations (19) and (20) as the '"canonical' representation. In rmost

for vage §
et Btk

applications the signals in the main and auxiliary channels are specified

in terms of the jamming and receiver noise power levels. This

I R T

corresponds to a representation of the form

franad

s

&murw‘n}

va(t) = J(t) +na(t) (24)

and, vm(t) = CJ(t) + nm(t) (25)

i d

AR LR YRR )

(S) The canonical representation corresponding to the above is

smmammﬁ

easily obtained from equations (21)-(23) as follows,

R K i
Bar vk

2
lvi)|* = Py + N, (26)

CPJ

™ = BAN (27
J a

%
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ICI™P
and, |n|?% =|clfP,+N_ - I_ (P.+N
J m p 4N )2 J )
J Ta
c I°p;
= Nt — (28)
1+ B/N,
(S) Comparing equation (28) with equation (13) we see that

n(t) represents the minimum residue achievable by an optimum
canceller. This is also clear from the definition of n{t) in the
canonical representation.

(S) If the canonical representation is introduced into the

differential equation for the control loop, equation (18), we obtain,

dx 2 \ x
T-5 +(L+A[vE[) x = A mv(®) +n))v (1) (29)
J
(S) Since the optimum value of the control voltage is '"'m", it is
convenient to make the substituf;ion,
x(t) =m(1 - y(t)) (30)
in equation (29). This gives,
d 2 Anv*
oy = - -
T 3 + 1+Alvit)]Y) vy = 1 - (31)
(S) The output residuc of the SLC can also be esxpressed in terms

12
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of the variable y(t). Using (30) we get

Cx(t) = V(0 - x() v (t)
= m v{t) + n(t) - m(l-y(t}) v(t) | (32)
= n(t) + y(t) m v(t)
(S) The mean-square output residue is therefore given by

1
-

E {!r(t)ﬂ el + 5| |y il !v(c)l"‘\\
" (33)
+ E{n (t) y(t) m v(t) + n(t)y t) rv v t)

\

(S) The performance of the SLC can be readily analyzed when
the response time of the loop is very slow compared to the inverse
bandwidth of the waveforms nft) and v(t). From the differential
equation of the control loop, (31), we see that the response time of
the loop depends upon the fixed parameters T ard A and also on the
power level in the auxiliary channel Ivl . By using a very narrow
band integrating filter, "T' can be made large enough so that the
loop response time is very slow for some power level, Iv(t)f2 .

(s) With slow loop response the control voltage, x(t), (and hence
y(t) ), will not be correlated with either n(t) or v(t). Hence equation
{33) would then reduce to

13
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Exhunﬂ=ImwF-+E%puH%hﬂziwa (34)

(S) In this cace we see that n(t), the part of the main channel

signal that is uncorrelated with the auxiliary channel waveform,

v(t), passes through the SLC unattenuated. The remainder, mv(t),

is reduced in power by E{!y(t)lz}. The quantity, E{[y(t)lz}, therefore,
represents the cancellation ratio. Still assuming slow loop response
let

(t) = E@a%

and apply the expectation operator to both sides of (31). This gives

T arapy =t (35)

(S) This is the differential equation for simple exponential

behavior with time constant,

T-—-——
14A v |?

(36)

(S) From this we note that the loop bandwidth is larger than
the bandw.dth of the integrating filter by the factor (1 + AIVIZ).
For sonvenience we refer to the loop bandwidth as the '"enhanced"
bandwidth, Ee and from (17) and (36), we have,
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T2
B, =(1+ Alv]®) (37
(S) The transient response from the initial condition ¢ 0 1
corresponding to Vo = lor x, = 0, is
wy - dralyfetT
L+ AN (38)
The steady-state value is,
i
E _ly) = blo) = (39)
T2
1+ Alv]

(S) with very slow loop response, (small Be), the fluctuation in
y(t) about its expected value, ¢ (t), will be negligible so that we have

approximately,

o 2(t)

2
%iy(t)lﬂg ¥ {E(y(ml =

(S} Hence from eguations (34) and (38) we conclude that the
correlated componen: of the residue m v(t) will behave transiently

as e"t/”r

+ Thus the residue is reduced at the rate of 20 log,,
"TrBe
e

\
. or 27.2 B db/second. The steady-state value of E {[y(t)[ }

will be approximately,
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E, {iy|2}= v )| = < ' i (40)

1+Alv

——r—

(S) The steady-state residue fromn (34) will therefore be, :
1 Vo2 E
2 ! ~ o
Ew{trl} = |n(n)[* + o ImP v L
\ 1 + AIV'Z ;" f
‘ ‘ (41) ;
{8) Using equations (26) - (28) we may express (41) in terms of i
the jamming and receiver noise power levels, :
2
5 Im [*P; P /N |m|?P
E oo [rl = Nm foo—_— + . 2
1+ P/N, t+pyn, [raeeN) )
(42}
(S) Comparing (42) with (13) which gives the minimum residue

achievable, we see that the jammer residue now depends upon the loop
gain A(PJ + Na) as well as the ratio of PJ to Na. Equation (42) is
graphed in Fijure (4) under the assumption that jm| = 1 and

Na = Nm = Pn. For an optimum ideal canceller, the residue never
exceeds the receiver noise level by more than 3 db. i rom Figure (4)
we see that if the "Quiescent" loop gain, APn, is 0 db or greater, the
residue output of the SLC will not rise above 3 db for any jammer
power level, However, when the jammer power level is 20 db above

t he noise, the loop gain will be 40 db, assuming 0 db quiescent gain.
This is about as high as one could safely expect to go beforestability
problems will show up. This problem can be averted by using

a limiter in the auxiliary arm just ahead of the correlator. With

the limiter the loop power gain will increase dircctly as the jamuner
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puwer, instead of as its square. Hence, with a liniiter and 0 db

g
*‘. .M i

quiescent gain, the residue will be approximately } db up to
PJ /Na = 40 db, BRBeyond this level overload limiters ahead of the f

,:“:‘ ) ngg u'

SLC may be required to maintain stability.
(S) It should be emphasized that the results discussed above,

Kot

particularly equation (42) and Figure (4) are valid only when the loop

response time is slow compared to the inverse bandwidth of the signal

Mty

channel. In the remainder of this report, the S1.C is analyzed without

making the slow response assumption.
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IV. Steady-State Performance

(S) Although the differential equation describing the loop behavior,
equation (31), is linear and of first order; the presence of the random
time-varying coefficient makes it very difficult to obtain exact solutions
for the expected value of the output residue power. It is not too
difficult however, to obtain useful upper and lower bounds on the
residue.

() When the loop response time is very slow compared to the
inverse bandwidth of the inputs to the SLC, the output residue
consists of a linear combination of n{t) and v(t), (using the canonical
representation). This suggests that a lower “ound to the residue
output of the SLC can be obtained by finding the portion of the residue
that is linearly correlated to n(t) or v(t). That is, we represent the

residue output as,

v(t) = y (t) n(t) + my _(t) v(t) +& (t) (43)
where Y _(t) = Eﬁiﬁiliéiu (44)
E([n(t)|*)

v () = E(r(tm v (t) ) (45)

Im® E(lvit)] %)

and £(t) = a random waveform not correlated with either
either n(t) or v(t)

The output residue power will be greater than the power of the first

two terms in (43), thus,

; 3 { ' ‘
Bl =y ®F B0 + P v,oF E\lvml"‘\. (46)
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Now, using equation (32) for the output residue, equations(42) and (43)

reduce to,

E(y(t) v(t) n"(t) )
E(f(t)]*)

V()= 1+m (47)

E(yu)hwgﬁ) (48)
E (lv(t)|*)

and vy V(t)

(S) For the steady-state performance we are interested in the
limits approached by vy v and y n 28 t approaches infinity. To find
the limit of y v Ve note first that since the SLC loop is stable,

N

. {d d
t%:'r: Elatxt = Eoo {l} =0 (49)

(S) Now, applying *he expectation operator to both sides of the
loop differential equation, (31), letting 't' approach infinity and
using (49), we get

AEg (n(t)v" ()
m

Ew{u-fAkuHZ)yuﬂ = 1-

= 1 (50)

since n(t) and v(t) are uncorrelated. From this we get,
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Eeo {y(t) |v(t)|2} - frEelyit) (51)

and therefore,

I = 1lim vy _(t) = (52)
Vo otyre VY Alv]
(S) To evaluate Ew(y), we first write the general solution to

the loop differential equation (31) in integral form,

t
2
y(©) = ylo) e'So LEAROI 4o+

(53)
1 LA A * ) t M 46
o g (LzAn(wyv (v) u)e-S' T du
T m o
)

(S) If the initial value of the control voltage x is zero, the initial
value of y will be 1, that is y(0) = 1.
{S) The first term on the r.h.s. of (53) disappears as t +w so

that applying the expectation operator to (53) and letting t—cw, we get,

t
t 2
1+ Ajv(6)
Ew{y(t}= lim }T VE fe-'? """""T'U—L ¥t au (54

: t »o0 o ! u
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(S) The integral in (54) is evaluated in Appendix (A) under the

y .
ﬁamuvw :;

assumption that v(t) is a gaussian random process with an exponen-

2t tially decreasing correlation function. The result is given by,
. L Eoo {y(t)} = —— £ F,pptzd (55) ,
H Alv]2 P :

- whereF ( ) = hypergeometric function
E §' :

& p B ~atl

- B -

Z Bta
z‘ « = 7 BJT (BJ = 3 db bandwidth of the
waveforms n{t) and v(t))

ot

PN

-
p

(S) The limit approached by y n(‘t) as t approaches infinity can

t!ﬂlﬂ!‘"a
ey

also be evaluated from (53). We first obtain,

" «umavlg

*

3t

1]

t
‘}_+Av6)2 }
u

t (), , _
Eoo{y(t) v(t) n*(t)} . —m‘f*i,-nm 5‘ Egnk(t) () v{t)v (u) e‘_g T a8 44
tro Yo L

£ i 2

i t ‘ 1talv(e)[”

d = r‘gT lnlz lim e—a(t-u)E\gv(t)v*(u)e_S‘o T dax‘du
teo 4 ' !

g3

i (56)

g S R Ao

(S) The integral on the r.h.s. of (56) is evaluated in Appendix (A).
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‘The result is,

B 2 - 2
Bo {y) vit) (c)} - L BL EL2) pepptrizh) 67)

1+ 28
2p

and, a,B,Z are defined above under (55)

where p =

(S) Using this result in (47), we obtain,

T = lim y{t) = (1-2){1 _ EQ*TZW—R)—F (l,p;p‘l‘l;Zz)} (58)

t+oo

(8) This equatil)n is graphed in Figure (5). Here I‘n is
plotted as a function of (1 + A lviz) which is 1 + loop gain. Contours

2

of constant « (=BJ/BI)l and of constant ratio of Be/BJ (
shown. For large loop gain I"n is essentially a function of the ratio
Be/BJ' Tn is always less than unity which indicates that the uncorre-
lated component of the main channel signal, n{t) may also be cancelled
somewhat. The amount of cancellation is small if Be/BJ is small
compared with unity. When the parameters are such that n(t) is

being cancelled we naturally find that desired signal is also cancelled.

(S) Figure (6) is a plot of (1 + A [vlz) FV as a function of
2
(1 +A |v|"). This quantity is always less than 1 and as can be scen,

for values of @ > 1, is very close to unity. Thus I‘V is approx-

imately the inverse of 1 + A lvlz.

1the ratio of the bandwidth of n(t) or v(t) to the integrating filter
bandwidth.
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(8) To oblain an upper bound for the steady-state output

residue power we start with the differential equation for the loop,

=
&
&
&

(31) which we repeat here for convenience.

i,

|

- T+ ram Py = 1o 22UV O (31)
Now multiply (31) by v (t),

- L * & 22 An(t)v (t)y

Ty G+ (rajvo ) fy|? = y- AREREY (O (59)

— m
ga

© Xs

5 i

ey

the <onjugate of (59) is,

pre

$arth sest

b

_ % An'(t) vit) y(t)
=y 5
m

%
Ty &+ (Al v (60)

Frennd

Adding (59) and (60) yields,

fomt

2 ) 3% %
¥ T idltﬂ—- +2(1+Al®) ]9 IP =y 4y - 2Rl By (t)
i m
F (61)
: _ An"(Ov(ty(t)
! m.~

(S) Now apply the expectation operator to (61) and let t->0,
Noting that Ecwo(y) is real (from (55)) and that,

g-m«uau;: Emmﬂm‘

B A s e T DGO s 0 MR

et
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2 2
lim EF—ILL-} = Eoo{-ddt } = 0 (62)

we obtain,

2Ee(ly|2) + 24 Beo(ly [*lv[%) = 2Ewly) - 2 Eoo(y"v"n)

(63)

A b
~ oz Ew (yvn )
m

(S) The expected steady-state output residue is given by

equation (23) which we repeat below,

Eco {Ir la} = !an + m Ew (yvn*) + m* Eco (Y*v*n)

+ mf® Eo(iy|¢lv |3 (33)

(S) If we solve (63) for Eoo(]y]zlvlz) and substitute into(33)

we get,

In

Ew&lr IZ} TP + Il Eet)-Ealy )

3%

* L
+ %1- Eoo(yvn") + r_;_ Eoo(y'ﬁv n) (64)
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(8) From equations (47) and (57) however we 10te that,

is real,
tro0 lnlz

hence (64) becomes,

|

|

i L= lim y_(t) = ol + m Eatgvn’)
i
I

(65)

1 EW{W}: : fmiz{Ew(z} Eo (v , r_ ||®

2

(8) Equation {65) is exact. The quantity that is difficult

to evaluvate is Eoc{’y]zz To get an upper bound on Ew { [r!zi we may

e

use the inequality,

ot

I Ew{lylz}a | Ew ()i (66)
ii’i: T Therefore,

i go{lef= £, TP + 22l{sw ) -5ty 7
In

%g-: or using equation (52):

% =

'

=

2 %
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mo (e} = T, Iml® Bl i, P (68)

(S) Equation (68) gives the desired upper bound on the expected

output residue power. From (46) and (68) we see that the cancellation

ratic, Cn’ for the uncorrelated component !n]2 falls between the

Iss,,é 3 '!k

bounds,
* ré=c =r (69)
T n n n
}g whereas Cv’ the cancellation ratio of the correlated component falls
= between the bounds,
= r®=c =Ewiy)l (70)
v v
- (S) The lower bounds on Cn and CV are given in Figures (5)
% and (6} respectively. The upper bound on Cn can be obtained from
Figure (5) by halving the ordinate scale. The upper bound on CV
g may be obtained from Figure {7) which is a plot of (1 + A [vla) Eoo(y) l‘V
= vs., (1 + A,vlz) for various values of the ratio of Be/BJa Thesc
:%‘ values are always greater than unity indicating that the cancellation
4 ratio, Cv’ may be less than the inverse of (1 + A'vlz). However,

if Be/BJ is less than 1, the '"loss'' in cancellation is less than 1 db.

>

e
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V. Signal Cancellation

(S) In the previous section we saw that as the loop gain is
increased the SLC causes some cancellation of the uncorrelated
portion of the input. The amount of such cancellation increases with
loop gain and also with the ratio of enhanced loop bandwidth to

input bandwidth Be/BJ' This aspect of the behavior of the SLC makes
it necessary to investigate the effect of the SLC upon desired signal
in the main lobe of the main antenna. We assume, as indicated in
Figure V-a, that the desired signal is only present in the main channel.
This will be essentially true in any practical SLC system since the
gain of the auxiliary antenna will be about 20 db below the main lobe

gain of the main antenna.

n{t) + mv(t) + s(t) ——m SLC - v(t)
Main l i Auxiliary
r{t)
Figure V-a.
(S) The output of the SLC, ri(t), is given by
r{t) =nlt) + s{t) + y(tim vt} (73)
(S) We assume that the signal arrives ''long'' after the locp

has locked onto the jammer so that y(t) may be considered to be in

its "steady'state.' Hence, from equation (53), replacing n(u) by

n(u) + s(u) we obtain
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t
for tyoo, yit) = -IT 3"(1 -
[¢}

t
t . 2
5, b3 1 +Alvl
An(u)v (u)  As(u)v (u)) e-.su T dé du

m m

(74)

The signal portion of r(t) is clearly (for t—w) ,

t
.t * _&' 1+ Alvlz 46
g s(u) vit) v (u) e . u T du

r (1) =s(t) + %1
o

(75)

(S) For detecting the presence of signal or estimating any
of its parameters, the linear signal component in rs(t) is of impor-
tance (that is rs(t) rather than rsz(t) ). Since rs(t) contains a

stochastic parameter, v(t), we find its expected value,

t
A 't B S ﬂ_‘é‘_l_v_if. de
E &rs(t) = s(t) - g s(u) E{v(t) v (u) e . T du

u

° (76)

H|

From Appendix (A), we have

t
. 2
AL LAl o)
T vit) v (u) e B T =w (t-u) (77}
_— X B
AlVlZ | 2 a ﬁ e(a—l) T } 2
where w(x) = L d (78)
* : (ozz+ ﬁz) sinh-E,-I‘}i--l- 2a P coshEﬁ )
N T
a = wﬁJ T

and, B az +2a Aiv{z
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(S) We can therefore write equation (76) as,
t
E{rs(t)} = § s{u) h (t-u) du (79)
o
where hit) = & (t) - w(t) (80)
(S) Thus from (79) we see that the SLC behaves like a linear

filter acting on the signal. The filter is specified by its impulse

response h(t). The transfer function is given simply by,

o0
H(f) = S hit) e 32T gt (81)
‘o
(S) Investigation of H(f), (see Appendix (B) ), shows that its

bandwidth is very wide, approximating the bandwidth of the input
noise (jamming and receiver). Assuming that the signal bandwidth
is narrow compared to the jammer bandwidth and that the signal
bandcenter is approximately at the center of the jammer band, the

signal cancellation will simply be H(o), where from (81),

0
H(o) = Sh(t) dt (82)
0
or using (80),
0
H(o) = 1 - S w (t) dt (83)
(o)
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(S) The integral in (83) can be expressed in terms of a hyper-

geometric function as,

2

!m -

\ wit) at = Z29-2)  g@, o, pil, 2%) (84)

‘o

where Z. = g;g

d _ 2B~ +1

an PoF T (85)

(S) The signal cancellation factor, H(o), is shown in Figure (8),

plotted against the noise cancellation ratio, I'_. Two sets of

curves are shown; on one set the parameier is « (=1rBJT), on the

other the bandwidth ratio (Be/BJ) is the parameter. From the

Figure we see that the bandwidth ratio should be kept under unity

tc prevent signal cancellation from exceeding 4 db.

(S) Figure (9) summarizes the important results obtained thus
far. It shows the variation of signal cancellation, with the band-

width ratio Be/BJ' upper and lower bounds on cancellation of the
uncorrelated noise component, and the maximum 'loss' in cancellation
of the correlated components. The results shown in this Figure are

the asymptotic values for large loop gain.
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VI. Transient Response

(S) In this se~tion we obtain the transient response of the SLC.

The transient . z.pvase that is easiest to measure in the laboratory is 3
that of the control voltage, y(t), (actually x(t) in the real world). The

quantity of real interest is the Lime response of the outpit residue

power, but like thg steady-state response we can only obtain an

estimate (much better in this case than in the steady-state case).

A closely related quantity that we can evaluate exactly is the

transient response of vy v(t:), which is a normalized measure of the

linear jamming component in the output residue-

(S) The expecied value of the normalized control voltage can

be obtained directly from (11),

t Bk
N _ & 1+ A]V € ) 40
E{y(t)} - E{e ST (86)
topy v (8> )
! (Lral@e)T g !
+E { =\ e T du
T u )
o
since, E {n(u) v‘r(u)} = 0
(S) This can be readily evaluated using the results of
Appendix A to give,
E{y(t)} = Eooly) +(1-2%) e ZBPTS-———Z—ITTT- -
11-7% ™
\', (87)
1 ¢ =2ppT, |
=5 P » Ps +1:A >
26 (L,pip ) |
31
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L

where o = n#B_ T

i)
o

B
A
oo

oW
i
R
3V}
-+
[\
R
>
<
Tt

1

Hu
MR
N
1§
]
R

u

w
o+
Q

=
. g _14+B -a
g - P = 28
i -
| i T =t/T
( 3
— and Ew (y) = E\ y(oo)t is given by equation (55).
: (S) The transient response of y v(t); which is defined as
- £ {yt)fv 12}
L Y () = L (88)
v 2
i v
: can be couveniently obtained from (87) above and the differential
: equation of the SLC, (31),which we may write as,
i - / | *
e 1T LT gl Py 1 anm (89)
Eir . . .
. (S) Applying the expectation operator to beth sides of (89)
. - and using the definition of vy V(t), we get
"
I ANE v 0 =1-1e T A T By (90)

A
lnm ‘ Mzﬂ

.

ﬁ‘ nrml%j
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After differentiation and some manipulation, this yields,

. -2B 7T {
v () =(1+z)(1-2%) e 2PPT M2e © L-elyw) (01)
v 2 -2pT 2 .
(1-7."¢ ) 2
Al
(S) The expected output residue power is given by equation (33)
as,
2“}‘ 2 %
Eﬁlr(t){ | = l(0)]? + 2Re m E{n"(t)y(tv()
i
2 2 2\ (92)
+ ml® Eilyo]® o]
(S) The first two terms on the rhs of (92) are proportional to

the uncorrelated component of the input power n(t)|” . Since our
main interest is in the transient response to the jamming or
cc. related component lv(t)lz, we shall simplify matters by

assuming n(t) is zero. The output residue is then simply,

el 0l = mP 5 {y0r ivth} (93)
! 7 \
where,
t
3‘ LA v(5) 12 ! N
-\ AN 1 14+AIv(C e
ylt) = e )y dhﬂ LANOL g0 04
N (
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(S) The first term in (94) starts at unity and decays to zero.
This represents the bulk of the transient. The second term starts
at zero and builds up to the steady-state value which for all cases ot

interest is very small compared to unity. From equation (68), we note
that

\ ———
|y
Eoo{'rvl ng Ew(y) T Imlz v (95)
(S) Hcnce we can approximate (93) by,

E Slr St

1
\

J

-

t 2
l‘ﬂg [ E{Iv(t)lze 'ZCO@J%M de}

(96)

-+

Im]® [v[? Esiymi Y g ()

v§s

where Es {y(t)} to the component of E {y(t)% that starts
at zero and builds up to the steady-state
value Ew {y% .

and vy Vs(t) = component of y v(‘c) that starts at zero and

builds up to the steady-state value l‘v-

{S) From equations(87) and (91), we have,
- N\ -~ 2 _Zﬁ pT -
Es }y(t): = Eooly) - (I_Z'Zée F (1,p;p+1;22e 2F p'f) (97)
34
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and,
15 {y(t)}
Y () = == (98)
AIV|
i
(S) Using the results of Appendix A we easily find,

! 2
{ 1+Alv(€)
Afae? )

2
E{‘fv(t)l e
(99)
-2uT
2 2 -(M-at2)T 1+
= vl® (142) (1-2)% e e t2) e
(1-Z27¢ )
U-a
where Z = Tta
(100)
and u o= az+4aA|vl2
(S) The transient response E ]rv(’c)l2 normalized by

Imlz lv!z is plotted in Figure (10) against nByt. Curves are

given for different values of the bandwidth ratio Be/B assuming

large loop gain. For Be/BJ = 1, curves are shown foJr different
values of the loop gain Afvlz . As the enhanced bandwidth, Be’ is
increased, the trarsicat response speeds up but the lmprovement
comes at a decreasing rate after the ratio of Be/BJ exceeds unity.
If the ratio of Be/BJ is much less than unity, the transient response
is exponential and lock-on occurs at the rate of 27. 2 Be db. per
second. That is the corr:lated portion of the main channel signal

is reduced at that rate. The asymptotic lock-on rate for various

ratios of Be/BJ is given in Tablel below,
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Appendix A Evaluation of Expectations

[ T

[

(U) In the main body of this report the evaluation of the expectation

biharitabediig
preey

of & number of different expressions was required. All of these can be

!

obtained from one basic form, namely,

i

. t

i L(A,B,a,b) = E<exp LAv(a) + Bv (b)- lv(e)|” ae A-1
o u
where A, B are constants and a, b lie in the closed interval
: A (u’ t)‘
(U) From the basic form above we can easily obtain,
- ( t
E . E 1eXp - g IV(G)]Z d6 = 1(0,0,a,b) .A'Z
2 D L *u .

{ t 2

z ES 2 _ 9L

i, E&v(u)v (t) exp -S‘uIV(e)' dek' 3A3B \0,0,u,t A-3
. B or,
L 2 (" Leoyl2 gp. = 2oL

| E%[v(t)l exp-_,dlv(")l de) = aAaB\o,o,t,t At
P (U) To evaluate L we ..gin by expanding v(8 ) in a series of

ﬁ eigenfunctions of the integral,

- t
P L XuR(T,B) ¢,(8)d6 = A, ¢, (T) A-5

A-1

:
:
3,

R
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( £
where R (T,8) = E{v(T) v (e )&

A

and the eigenfunctions, ¢ x * are normalized so that,

t
\¢k(e)¢£ (6)de = &

. L k¢
u

then,
v(8) = ) Z, ¢,(0)
K

t
where .'Z.k = g-;V(B) ¢;< (6) a6

LY

(U) The coefficients, Zk’ are uncorrelated as is readily seen

from,

tt
E{zkz[% = Egu E{V(T)v"(e )} ¢ (T)d, (6)de 4T

u

t
&. R (T,0) 4 (T) ¢,(0)d0 at

u

ot

P

3]

‘,\1 &\ ¢1;(T)eg (T) 47
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Pk,

(U) The distribution density of the Zk may be shown to be multi-
(3)

variate Gaussian Therefore since the Zk are uncorrelated they are

independent.

(U) Since R(T,0), (= Raﬁ(e ,T) ), is Hermitian the eigenvalues,

7&1 , are all real. R(7T, 0 ) can be expressed as ,

R(T,8) = E{V(T) v (6 )}
A—ll
= Z Ak¢k(7)¢k(e)
k
(U) The integral in the expression for L can be written as
t t
S; lve)|% a8 = Exz z, 2z, ¢ (6) 4" (8)ds6
X e 'k
“uk ¢ !
A-12
2
= = |z, ]
and since,
_ B
V(a.) = 12{‘ Zk qk (a)
Al3
vib) = IZ() Zk ¢k (b)

we may write equation A-1 as,

(S)Middleton, "Introduction to Statistical Communication Theory, " p. 386

A-3




o e R LA A S
gn B !gﬂ

3 2 %, % “!1

z-= — . S - { - -
’ L=Eexp-Z| ]zkl AZ, ¢, (2) Bchtk(b)‘; . A-14
E L k - o

or since the Zk are independent, E i
= L= [] E{ Ytz °-AZ ¢ (a)-BZ. ¢ (b):\ l‘ A-15 ]

= Tk FEEP 7 Al nAL e (8 B & I T

3 (U) Now each Z

k152 two-dimensional complex gaussian ran-
. dom variable, that is,

Zk = Xk + iyk A-16

with probability density distribution,

1 X, o+ yz
P(Xk:Yk) = TA K exp - _k_}\ ______k
k
Rk
_ 1 exp - _’ “k A-17
Tl‘)\k )\k

Hence we may write A-15 as,

1 o 1+ )\k
™A \S €Xp - N ) |z

PV
R
l 2

Kk -Ade,: k(a)—Bz_.k¢ k(_)) dxkdyk

A-18




%i S e e e I - —
P r 1 Ay . *
= §] = \ =  exXp 5 AB 4. (a)d, (b)
H K 1+ )\k 1+ )\k k k
_ exp AB f ¢ k(a.)¢k (b) xk/(1+7\k)
T( A-18
. (1 +A,)
;' <
N _ %
(U) To evaluate A-18 we may use well-known techniques.,(4) : ‘
First, we put,
i
W7l (1423 = = nu1+xk)=\§z A at
k k k 1 + ?\k
o
A-19 i
and let,
G(e ,r: é) = > -_‘-k_—-—'- sie _
e TIRE G, ) A-20

Now consider the integral,

L
Ly G REORE ) 2 Tl 60t iryma g, (604300 as
: Dok TERE YR Yk IAVRANAN
u u k £
ko T e Yk (T)
k
M’Helstrom, "Statistical Theory of Signal Detection, " Chap. 11, ‘
A-5 2

@
4
: I
I s ,ihv .
Whet
zgm; -




st

oo
fmei g

R

<

i

A

- D0y 1—,;‘-,:;; & (s)dy (T)

u

R(S’T) ‘G(SlTrg) A-ZI

(u) Hence the functionG(€ ,7,v) defined by A-20 and required

for the evaluation of A-18 may be obtained from the integral equation

t
G(s, T,E)+§ g G(8,T.,6)R(s,0) d6 =R(s,T) A-22
‘u
(U) To solve this equation we must specify the correlation

function, R(s, T ), which we take to be,

— (5)
R(s,T) = |v|2 e-@ls-TI A-23

2
v
olte 2
This is the shape of a single pole filter with a two-sided bandwidth

of : . The solution to A-22 is,

(U) This corresponds to a power spectrum of the form

——

aey s 9t e MEtT n mhsA e &

G(s,T,t) = Zdlvlz Lo sinhp (s-u)+B coshp (s—uﬂ i"_oz sinhB (t-T )4 coshB(t-T )1

P (@ 2+a %)sinhp (t-u) + 20 p coshp(t-u)

A-24

(sl\loté: Exéept where indicated otherwise ¢ and B in this appendix
differ by a factor of T from the usage elsewhere in this report.
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where, . u<s<T<Lt :
and, B2 =at 20t v “
(U) From A-20, A-24 we now obtain,
A t :
k. ) .
= phg - | Glest) o A
k k u :
= la i Viz .
8 { (B %+ %)sinhp (t-u)+2c B coshp(t-u) A-25
£
. () {a sinhp (s-u)+p coshp (s-u)}i(af sinhB (1-5)+B coshp (t—s)} ds
“u N
(U) Evaluating the integral in A-25 and then integrating the result
with respeéct to £ from 0 to 1 as indicated in A-19, we obtain
b (B 2+ az)sinhﬂ (t-u)+2a B coshP (t-u)
T A+ = (o0 A-26
k=1 2aBe
where now p 2 - az + 2a Ivlz




SHUL

{’4 mmnwmi r!ifnmm mu’

E

(U) Now using A-2, A-18, and A-26, w. .or.m
t
E {exp - S Iv(e)l2 de} = T‘_____..l___
Y k(l'!')tk)
A-27
_ 200 e (t-u)

(532'*'01 2)sinhﬁ (t-u)+2a P coshp (t-u)

Starting with A-3, we get,

t 3 = ¢ (@A AL+ A,)
E{v(a)v*(b) exp - § lv(9)|2d9§ =} &k k k
u Tamp
- G(a,b, 1)
'1;(\'(1+Ak)

A-28

4a ZIT-F et “““’E sinh B (a-u)+p ccshP (a-uﬂ[a sinhf (t-b)+B coshﬁ(t~b)]
2

E(a 2+[3 2)sinhf} (t-u)+2a P coshp (t—u)~l

i
~+

(U) If we now set a=u, b=t in A-28, we obtain

A-29

t .
E{v(u)v*(t) exp - X'v(e )l‘?' dG} = (208 )2 'vlzea (t-u)
u

Ta?+p?) sinhp (t-u)+2a B coshp (t-u)] °

1
[
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el

fon
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N L
’ ]

and settinga =b = t,

( ¢ 2.1 12 a(t-u) }
2 : _ _
E ilvml exp - \S v(e)? ae} = 2o Blvle o sinkp ¢ u)#p coshd (t-u)
Y-(a +p 2)sinh$ (t-u)+2e B coshf (t-u) |
- A-30
(U) In addition to the expectations obtained above, we also

need their integrals. These can be determined by first expressing

the expectations in terms of exponentials, e. g.

Bx .
(@248 %) sinbp (x)+2ap cosh(x) = (B+a)’ & (1-(2;2 f e 2B %)
A-31

and then using the integration formula,

t

¢ Pt 1

\ "t n dt = — F{m, p;ptl;Z) — A-32

Jo(1-ze™) P

e-pt

— Fn piptlize PY

where F( ) is the Gaussian Hypergeometric function.

For example,

t t
1 -t 2
T g e _T_u_ E {exp- Slv(e)l de} du =
) u
A-9




1

g»lﬂ!: mrm!

| A |

Lumvsonnd

Tmtwiond

i

¥

_t-u
2aBe” (t-u), T du
o {a 2+(3 A) sinhp (t-u)+2af coshp (t-u)

t

_L\"
= 3

! ax - %
__1_5 lafe e T dx
T

0 7(B+a)%eP ¥ 1. E22 Fon2P

t

1
- l 40‘@ S e*(ﬁ‘“+—'l‘—)x dx
T (f3+a')2' ) L~ (g—f &-2px

(U) Letting 2B x = y and then writing « for «a T, B for BT, and

Z for (g% , A-34 becomes

dy A-35

28t B-atl)
. 2a S e ‘28 )y
@raf b O-ZeT)

This is now in the form of eqration A-32, with ¢ and p defined as

they are in the main section of this report.
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Appendix B

(S)

found that the SLC behaved like a filter with impulse response

(U)

of the bandwidth of h(t) which is in effect the bandwidth of w(t). The

Laplace Transform of w(t) is

Wi(s)

where w(t) =

"Signal Cancellation Filter"

In the discussion on signal cancellation in section (V), we

h(t) = 6 (t) - w(t) B-1

(Zaﬂ)ze(a -1t/ T
(e 2+pApinbBE + 248 cosnBL

-

u—] '2"

]
v

In this appendix we wish to obtain at least a qualitative idea

0
( w(t) e St at

(¢]

dt

A{v‘z jc (‘Zaﬁ)Ze~(l-a+sT)t/T
T l(a 24 ®)sinhf t/T+2a B coshft/T | 2

Aivl2(4aﬁ}z R o -(1+sT-a +2B)t/T

- dt B-3
-a.,2 -2 T2
Brart o (16522 % T

B-1
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(U) Now replace 28 t/T by y tc give
oo}
- Alvl2i4a 2o o~(1tsT-a+2p)y /28
Wis) = dy B-4
4 . 1 _(_L-ar )Ze.y 2
2B (B ta) o B ta
z(1-z% 2

= ——p‘-——-— F(Z,p,p.'l‘l;z ) B-5

‘ sT+1+2B -a
where p =

Zp
- Bra
and Z * BYo
(U) Using the series expansion for F( ), equaticn B-5
becomes,
Wis) za-z4 2 k) 5y
B =0 (g + 1) n!
h
0 \
- Z(l-ZZ) 5 n+1 ZZn B -6
nso @ +n
(U) From this and the definition of $ we see that the poles of
Wi(s) lie at
s = —,Il; (28n-a+28+1) n=10,1,2,3,......
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= lT El + 2(n+l)ﬁ FQ} B-7

(U) Equation B-6 has the form of a driving point impedance

of an RC network. It is well-known that the singularities of such
a network alternate between zero and poles on the negative real
axis and that the singularity closest to the origin is a pole. From
this we can infer that the frequency spectrum peaks at the origin,
and has a 3 db bandwidth equal to or greater than the 3 db
bandwidth of the pole closest to the origin. Therefore, the two-

sided bandwidth of the spectrum of w(t) will be at least,

Bw = 1+25—a> B-8

L
T \
or since f = «

Bw?.;lT—— [l + 01]

= BJ since a ='rrBJT B-9

This is the statement made in the text.




